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MODELING OF INTERFACIAL FRACTURE IN INCOMPRESSIBLE MATERIALS WITH VARYING 
MODULUS MISMATCH' 

T. C. Miller 
Sparta Incorporated 

2 Draco Drive, Edwards Air Force Base, CA 93524 

ABSTRACT 

Numerical modeling is used to evaluate the effects of modulus mismatch on mterfacial fracture.  Different 
modulus ratios are considered, as are different mode mixities.  The magnitudes of the complex stress intensity 
factors are evaluated using the energy domain integral approach, and the phase angles are measured using 
extrapolation of bond line traction data to r = 0.  The results indicate that moderate changes in the modulus  at.o 
have only a small effect on either the magnitude or phase angle of the complex stress intensity factor.  These 
predictions confirm earlier experimental conclusions and suggest that the elastic mismatch is not a strong factor 
in determining the interfacial fracture of plane strain incompressible materials. 

INTRODUCTION 

The use of fracture mechanics to assess and predict crack development in solid propellants has led to cost 
savings by enabling better service life predictions for solid rocket motors.  Both linear elastic and elastic-plasüc 
fracture mechanics concepts have been used to predict crack propagation m solid propellants   A frequen^site for 
the initiation and growth of cracks in solid rocket motors is the interface between the propellant and the rubber 
liner.  This study examines this situation, namely, that of an interfacial crack lying between two incompressible 

materials and subjected to plane strain. 

A previous experimental work examined a similar situation.1  Both homogeneous and bimaterial specimens 
were considered.  In bimaterial specimens, the elastic moduli of the two materials differ«*b>-a factor■ oitwo. 
Additional results also indicated that larger differences between the two elastic moduli had little effect on the 

complex stress intensity factor. 

The modulus ratio, E2/E„ depends on the materials used in the motor and different values need to be 

considered.  Typically, the stiffness of the propellant will exceed that of the liner by a factor of about 3.  If it 
can be established that this ratio only weakly affects the complex stress intensity factor, then computations for 
interfacial cracking of different motors can be combined in a simplified analysis.  The present work uses 
numerical methods to vary E2/E2 from 1 to 6 to study this issue. 

DISCUSSION 

FTF.TT) EXPRESSIONS 

Fbure 1 shows a crack and corresponding coordinate system lying along an interface between two distinct 
linear elastic isotropic materials.  If the materials are both incompressible and plane strain conditions exist, then 
the bimaterial parameter, s, normally associated with interfacial cracks, vanishes   This is a deg enerate^caseof 
the more general interfacial cracking problem and it has field expressions that closely resemble those of cracks m 
homogenous bodies subjected to mixed mode loading.  One consequence of the vanishmg of e is that both the 
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phase angle Qf) of the complex stress intensity factor (K)' and the ratio of stress components axy and cyy along 
the bond line are invariant with respect to distance from the crack tip and are related: 

.       N _       K      _   Ke^ (1) 
(Oyy+2Oxy)e = 0   =   —   -   — 

Here K is the complex stress intensity factor, and can be expressed in either recUngular or-polar-form (i.e., 
K = K, + K„ = Kew).  This expression holds in the near tip or asymptotic region, where the term with the r 

singularity eclipses the other terms in the Williams expansion. 

Also, J, the contour integral, and K, the magnitude of the complex stress intensity factor, are related through 

an effective plane strain modulus: 

J = 
IF 

_! = 1[_L + -L] (2) 
T* 2     E~i E2 

— El IT £2 

1 - Vi 1  - v2 

Because v = v2 = 1/2 for incompressible materials, additional simplifications could be made. More general 
expressions fir strel and displacement components in the near tip region have been derived*, but for this work 

only eqs. (1) and (2) are needed. 

NT TMKRTC AT .MODELS 

A typical finite element model is shown in Fig. 2.  The geometry of the numerical models simulates the 
experimTasemens from the related photoelastic study.  The specimens are glued to alummum grips winch 
arffree to rotate when loaded.  Mode mixity is varied by changing the crack orientation wr h respect to the 
mode I loading direction.  When the crack is oriented horizontally, mode I loadmg takes plac   anIK, -0. 
Sowever, as the crack orientation angle a varies, the mode II component becomes increasingly secant 
Cra^k orientation angles of 0°, 15°, 30°, and 45° were studied in both the experimental and numerical work 
?ot:*"£ different' mode mixities could be studied (the corresponding moden££W *» ■** 
0° to 30°).  The numerical models also allow for a range of modulus ratios: E2/E, - 1 (a homogeneous 

specimen), as well as E2/E,= 2, 4, and 6. 

One other noteworthy aspect of the models is the use of hybrid elements. ^^™™^ 
materials in plane strain causes an indeterminacy due to a vanishing of a term (l-2v) that appears in the 
TonSve equations.  This results in a singular global stiffness matrix.  The problem is resolved b>^ using 
hybrld^ormuhtion.  In this formulation, the hydrostatic portion of the stress tensor ,s used as a solution variable 

in addition to the components of nodal displacements. •" 

•Throughout the text, boldface type is used to indicate that a symbol represents either a complex or vector 

quantity. 



mrj-ppMTTMT^ifi FRACTURE PARAMETERS FROM NUMERICAL DATA 

fitting a polynomial curve to the data so that tan'^/^) « * function of r.  The constant term  of this 
polynomial corresponds to tan-'(oy<V> at r = 0, and is an estimate of T. 

This regression method has been used previously with similar numerical models and compared with 

use with the regression analysis. 

data.5'6 

RESULTS 

Crack orientations of 0°, 15°, 30°, and 45° were considered.  Elastic modulus^ratios of 12 4 and 6 
were used to test the effects of relative stiffness. The top portions of the specimens always have E    2WSpsi 
Z6W   ,^ponding to the stiffness of a photoelastic polymer used in relate   expernnenta 1worL The 

duli of I lowerPportionS of the specimens were varied to change, tte moddus r^.  Loads of 5.25 lbs. (23.4 
N) were applied to the aluminum grips, giving a nominal stress of 7.00 psi (48.3 kPa). 

Figure 3 shows the variation in K with E2/Et for all crack orientations.  AsE2IE is; variedfrom 1 to2 
ovations in K of 15-17% occur.  However, changes in E2/E, above this level have little effect on K.  Similarly, 
£"^w^^: variation in *. the phase angle of K.  As E2/E, changes from 1 ^J chants by 4.*tto 
'vorst case (i.e., for a crack orientation of 0°).  Variations in the phase angle are smaller as E2/E, changes from 

2 to 6. 

The results suggest that for elastic modulus ratios from 2 to 6, the value of both the magnitude and phase 
1(.e of Kva^ only weakly so that K depends on the remote applied load, the orientation of the load relative 

interface due to diffusion of the two materials during the manufacturing process. 

The primary reason for the weakness of the E2/E, effect is that the modulus mismatch, causes large changes 

in ff. onfy, wiS only small changes in ^J^e^T ^s^^X^^** 

STXt^:^r^^^^^^ * 'oaded, giv,ng a   values that are tensOe 

TÄ-*- -d compressive in the stiffer material.  ™^^£Z£* 
Ms axx vs. y as the bond line is traversed for a specimen with E2/E, = 6.  The data is taken trom plots a. 
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a   values thus change substantially with E2/E„ whereas axy       o„ 

AnP, not affect T   Changes effected in Y by altering 
Since ¥ relates to cy/a,y in the near tiP «Ji^^^e near tip region.  A similar effect occurs 

relative stiffness are induced by sma 1 chan e  m sh« >«s ^   ^ ^     & 

with the magnitude K or with the value of J (since_ ttiey «* differential contraction being a 
component along the contour that <^£*£ ^^contributions to different parts of the contour, 
function of y.  This traction component makes equai DU    Fy 
so that no net increase in J is produced. 

SUMMARY AND CONCLUSIONS 

Cracks along interfaces between —s^^ 
motors and have a bimaterial parameter s - 3 wh>W^ ™mJal results using bond line traction 
angle of the complex stress intensity factor ca> be. de™ed tr ; .^ determir^I0 

data. The magnitude of the complex »f^J^^^de nor the phase angle varied significantly 

LIST OF SYMBOLS 

E Young's modulus 

j J integral value 

K magnitude of the complex stress intensity factor 

K complex stress intensity factor 

g bimaterial parameter 

v Poisson's ratio 

n n     a        in-plane stress components 
axx ' uxy ' uyy r 

xy    ■« phase angle of the complex stress intensity factor 
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Fig. 1 - Geometry of an Interfacial Crack 
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Fig. 2 - Typical Finite Element Model for a Bimaterial Specimen 
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Fig. 6 - Contour Plots of C^y with Different Modulus Ratios 
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Fig. 7 - Contour Plots of (T  with Different Modulus Ratios 


